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The time-mean skin friction of the laminar boundary layer on a flat plate which
is fixed at zero incidence in a fluctuating stream is investigated analytically.
Flow oscillation amplitude outside the boundary layer is assumed constant
along the surface. First, the small velocity-amplitude case is treated, and
approximate formulae are obtained in the extreme cases when the frequency is
low and high. Next, the finite velocity-amplitude case is treated under the
condition of high frequency, and it is found that the formula obtained for the
small-amplitude and high-frequency case is also valid. These results show that
the increase of the mean skin friction reduces with frequency and is ultimately
inversely proportional to the square of frequency.

The corresponding energy equation is also studied simultaneously under the
condition of zero heat transfer between the fluid and the surface. It is confirmed
that the time-mean surface temperature increases with frequency and tends to be
proportional to the square root of frequency. Moreover, it is shown that the time-
mean recovery factor can be several times aslarge as that without flow oscillation.

1. Introduction

Boundary-layer flow problems in oscillatory motions with steady oncoming
stream arise in connexion with many interesting and important fluid-mechanical
effects. Studies on the fluctuating component of the periodic boundary layer
have been made by many authors, for example, Moore (1951), Lighthill (1954)
Stuart (1955), Lin (1957), Illingworth (1958). However, few works have been
published on the time-mean problems of the periodic boundary layer. Solutions
which are restricted to low-frequency oscillation have been obtained for flat-
plate flow by Moore & Ostrach (1956) and Kestin, Maeder & Wang (1961). The
time-mean characters, including high-frequency oscillation, of the periodic
boundary layer near a two-dimensional stagnation point have been studied by
Ishigaki (1970).

Among the above-mentioned works, Lin has qualitatively suggested that, in
the effect of high-frequency oscillation on time-mean flow, oscillation amplitude
variation along a body surface, dU,/dx, plays an important role and even a large-
amplitude oscillation will produce small changes in time-mean flow field if
dU,/dz = 0; here U, is an external flow oscillation amplitude and « is a distance
along a body surface. Ishigaki has shown that time-mean skin friction near a
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two-dimensional stagnation point is inversely proportional to a half power of
frequency for high-frequency oscillation.

Even though time-mean deviation from a steady state may be small when
dU,/dxz = 0, it will be non-zero because it, of course, arises from non-linear
terms of the boundary-layer equation. The main purpose of the present paper is
to investigate the effect of flow oscillation, especially of high frequency, on time-
mean skin friction of a flat plate under the condition dU,/dz = 0. The results
will be contrasted with the former stagnation-point flow results.

With viscous dissipation of kinetic energy taken into account, the correspond-
ing energy equation is also treated simultaneously under the condition of
insulated surface. Concerning the oscillating thermometer problem, a few works
have been published. Stuart (1955) has treated exactly the effect of flow oscilla-
tion on the temperature field on an infinite insulated plate with uniform suction.
Maslen & Ostrach (1957) have studied the temperature field on an insulated
plate oscillating in a fluid at rest. These two results show that the time-mean
surface temperature rises with frequency. It may be of some value to confirm
these results for a more complicated case when an infinite insulated plate without
suction is fixed in the fluctuating oncoming stream.

2. Small velocity-amplitude case

Let us consider the two-dimensional boundary layer on an insulated flat plate
fixed at zero incidence in an unsteady stream of an incompressible fluid. Let «
denote distance along the surface from the leading edge, ¥ the normal distance
from the surface, and u, v the corresponding velocity components, 7' the temper-
ature, { time, v kinematic viscosity, « thermal diffusivity, ¢ specific heat, and
Uz, t) the external flow velocity.

The boundary-layer equations for velocity and temperature, including viscous

dissipation, are ou v
—4— =0, (1)
ox oy
6£+uait+vait_ig+ QJ-I- 62_u 2
ey T at w  aE 2)
ot ox ' oy oy c\dy)’ )

u=v=T]oy =0 at y=0; u = Ulz,t), T=T, as y—o0.
We shall confine our attention to the external velocity U(z,t) of the form
U = Un(1+eei), (4)

where U, ¢ are constant and w is frequency.
From the continuity equation (1) we can define a function i by

u = o0yldy, v = —0oy/ox. (5)
When ¢is smaller than unity, we may develop the functions ¢r and 7 in the forms
Y@ y,t) = Yo(@, y) + e (@, y) €8 + X (@, y) + Pa(w, y) €25 + 0(63),} 6)

T(Z‘, Y, t) = To(xa ?/) + 6T1(x7 ?/) e’iwt + ez{Ts(x’ ?/) + T?.(x9 ?/) e2iwt} + 0(63)s
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where only the real part is to be taken. Substituting the expressions (4), (5),
(6) into (2), (8) and equating the same order of ¢, sets of equations are obtained.

Equations for i, and T, are the steady-state equations and the solutions are
the following well-known functions:

Vo= 2Uo2)f(n), To=To+(UL/20)r(n); 7= (Us/2vz)ty. (7)
Equations for yr; and T; are

i1 B Py O Py 0 B Y Y a2
6y Ay 8x8y+ dy oxdy ox 2 Ow OyR = wlo+y a3’ (8a)

2 2 2
ol s WL O Iy OO 0Ty BT

oy ox Oy ox Ox dy oOx dy oyt ¢ oyt oy’
Y=oy oy =0T oy =0 at y=0; oy foy=U,, T;=0 as y—o0.
Approximate solutions have been obtained in the extreme cases when the
frequency parameter o = wxz/U, is small and large. For small o Moore’s results
can be particularized as

U= @020 X (o)g, (), Tp= (Ui/-?C)nZ:lo(iff)"Pn(??)- (9)

n=0

For large o the method due to Illingworth, who has treated the heat-transfer
problem under the condition of negligible viscous dissipation, may be appropriate .

If o= (2ic)F and B = (iv)y,

it may be written as
¢‘1 = co(v/q/w)%nzz:léxngn(ﬂ)’ Tll = (Ugo/zc)ni:oan n(ﬁ) (10a)

Provided that « is small and £ is not too large, the following approximations are
made when % = af is considered:

f(@B) = 3" (0)+ 0(e),  r(af) = r(0)+3a2F%"(0)+0(@), (1)

where the primes denote differentiation with respect to #. Solutions which
satisfy the boundary conditions at # = 0 are

Go=B—-1+e?t, g,=g,=0,
gs = ${4°— 13+ (13+ 136+ 542+ § %) e/} f"(0) (10b)

4@* "
Py=0, P = 1_.@{8_9%_'@%6—’9}]0 (0), Pa=p3=0,

in which & = y/« is the Prandtl number. For the amplitude and phase angle of
fluctuating skin friction of order ¢, the reader may refer to the results of Illing-
worth. For fiuctuating surface temperature expressions are obtained from (9),

(10) as (
o LW=0 = 9.0 —2:852¢0° + 3:266(30°)2+ O(03) (small o), (12a)
(To)yzo_ Too

= 0-7193(i0)" ¥+ 0(c~2) (large o). (12b)

|

The amplitude and phase angle of fluctuating surface temperature of order e
are shown in figure 1.
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Equations for time-independent functions ¢, and 7} are

s _ 0o B _ 00 Oy 0o O Oy 8

oy oy dxdy Oy dxdy ox y:  odx Oy?

= 1 awlr azlﬁu_l_ alpli azlﬁu _ awlr 321)017_ alpli 62lpli (13&)
2| oy oxoy Oy Oxdy ox Oy ox oy |’

14

K8y2 oy ox oy Oox ox dy Or oy
_1{33011» 61711* al:ﬁl'i 3171i alplr 31717' 31ﬁ1i a171’1.1

2|loy ox  dy ox ox dy ox Oy
v[, 0% %,  1((0%), )2 3‘#1')2}
__ - r i 1
c[z o o il o) *(a7) || (13%)

Vs =0y oy =0T Joy =0 at y=0; oYJoy=T,=0 as y-—>o0,

where subscripts » and ¢ respectively denote real and imaginary part of function.

2=C - —50°
/ — —40°
5 | [ Equation (124) -
£ %
é 4 Equation (12)) -4-30° g
< —-—=20° &
[ C A —10°
0 } i 1 i 1 i I 1 1 0°
0 5 10
g

Ficure 1. Amplitude and phase angle of fluctuating surface temperature.

When ¢ is small, appropriate forms may be written as
Vo= U} 307G, 00), T, = (U3[20) 5 "Bl (14)

Substituting (9), (14) into (13) and equating the same order of o, we have from
(13a)

Go +fGo +f"Go = — §9050,

GY +fG1—2f'G1+ 3f'G, = 0,

G2 +fGr— 4f Gz + 5f"Gy = 91° — 29092 + §90 92— $9191 + 39095, (154)
Gy=Go=G =G1=0G,=G,=..=0 at 7=0;
Go=G1=Gy=...=0 as 75>,
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and from (13d)
P 1P+ [Py = —1'Gy~3g0p0— 4f"Go ~ (90)%,
PP+ fP1—2f'P, = — 3r'G,— 4f" G,
PPy + [Py — 4f 'Fy = — 51" Gy + 395 Do+ 91 D1 — 392 PL— 200 Do+ 490 P2

— 4f"G3+ 29095 — (91)%, (158)
Py=P =Py;=..=0 at 7=0;
Py=P=PF=..=0 as 7—>o0.

Here G, and P, are the qu&si-steady state solutions, and we have
Go = ds(—F+1f +7F"), Py= b+ fmr’+ g

Functions G, and P, are identically zero and @,, P, are obtained numerically for
P = 072,

When o is large, substitution of (10a) and (104) into the right-hand side of
(13a) yields

A i A T e A
oys oy dwdy oy dxdy  ox oyt ox oy?
3 UZ
~ 128 zot

— (13 4 262 + 1622 4 823) e=2} 7(0) + O(53), (16)

{(18— 222+ 82%) cosze=#+ (18 4 10z + 22%)sinz e~*

in which z = (w/2v)ty. The particular solution, ¢, may be written as
Vo = (Uo[0%) (0]20)2 {G(, 2) cosz e~ + Gy(x, 2) sinze~2 + G (x, 2) 7%} (17a)
The equation for &,, for example, is

6, QoG 1\ (, 96, ,
6o e 125 8G+< g){ 5G}f(0)

p 26, G, oG, ) 22
_(_;%){2 - 4%—63—+12G}f(0 (ﬁ)

182G, oG . " s
{ 3 o2 _2878"_ 2Ge}f (0) = — (13 + 262+ 1622+ §23) f"(0) + O(0%).
Therefore expanding Q,(x,z) = Z oG, (2),
we obtain G, = gi7(180+ 1472 + 4222+ 423) f"(0), Gy =G = 0.

Similarly we have
G, 2) = §5(392 4 3022+ 423) f7(0) - O(o~3),
Gy, 2) = g (— 392+ 423) f(0) + O(o—}).

It is readily understood that boundary conditions at the wall are to be adjusted
by solving the homogeneous equation under the appropriate boundary conditions
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which are estimated from the particular solutions. This homogeneous solution

may be expressed as ¥ = (U, ot o S oGy (). (175)
n=0

Therefore the contribution to the time-mean skin friction is of the order of o—#%

and will be neglected in the after skin friction estimation.
As to the time-mean energy equation (13b), substitution of (10) and (17) yields
I, oy, oL, oy, 0T, U3

=—-—0ge® —3). 1
“Fr oy om0 By 2’ TOOTH (18)

The particular solution 7,, may be expressed as

T,, = (U%)20) P, 2) e (19a)
and we have P =—12+0(c7}).
Then the homogeneous solution 7}, may be expressed as
T, = (UL[20) o 3 o B (), (195)

and satisfy the following equations and boundary conditions:
PP +fPi+(i—-1)f'P,=0 (i=0,1,2),
Py=—-P, P=PF=0 at 9=0; P,=P=P,=0 as 7-o0.

Functions P,, F, are identically zero and F, is found numerically for & = 0-72.
Now we can obtain the approximate expressions of time-mean skin friction
and surface temperature. If we write the time-mean skin friction,

_ 1 2
Ty = 5Ju w(oufoy),_odi,

as Tl Two = 1+ €24(a) + O(e%), (20)
in which 7,4 is the skin friction without oscillation and g is viscosity, then

A(o) = £~ 062102+ O(c%) (small o), (20a)

= 0-18750-2+0(c—%) (large o). (20B)

The function A(g) is shown in figure 2. We can see that 4 (o) decreases with o
abruptly and tends to zero for a medium value of o. As compared with this, the
corresponding function for stagnation-point flow decreases with frequency very
gradually.

For the time-mean surface temperature

. 1 2m
T ———f (T),_0dt

w 2 0
T,—-T
we write =¥ 2 = 1+e2B(o)+ O(c?). 21
T (7)+0() (21)
It follows B(g) = } +2-4480%+ O(0?) (small o), (2la)
= 1:45680% — 0425+ O(c™1) (large o). (21D)

The function B(c) is shown in figure 3. The asymptotic value for very large o,
first term only in (215), is also shown by broken line.
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0-2
L Equation (204)
Equation (205)
A4 01
0-0 1 1 L ! i T 4 :
0 5 10
o
Ficure 2. Plot of 4 with frequency parameter o.
5
— -
o
4 =
3 —
B Equation
2la)
2 -
] P
0 1 1 1 1 1 J ] 1 L
0 5 10

Ficure 3. Plot of B with frequency parameter o.

3. Finite velocity-amplitude case

The basic equations in the boundary layer are identical with those of preceding
section, that is, (1), (2) and (3). The external flow velocity outside the boundary
layer is given by (4) without restriction on €.

Following Lin’s method, functions ¥, defined in (5), and 7' may be expressed
as the sum of a time-mean and a time-dependent component as

W(x, Y, t) = W(xa y) + Wt (x: Y, t) (ipt = 0)’}

T pl 22
T(z,y,1) = T y) + Ty, 9,8) (T, = 0), (22)

where a bar over the symbols denotes time-mean quantities. Substituting (22)
into (1), (2), (3), (5) and taking its time average, time-mean equations are
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obtained. Subtracting each time-mean equation from the corresponding full
equation, time-dependent equations are obtained.
The equation for time-dependent velocity is

Py ot
va—ya—atay+were = £, (23)

Yo=Y Joy=0 at y=0; Yyfoy = eUy et as  y — oo,
where

£E= ai_# Py | Yy Y Wy Oy 6’% Yy
oy dwdy Oy oxdy Oy dxdy ay dxdy

NG e R 7
ox oy*  ox oy? ™ oy ox eyr )’

The equation for time-mean velocity is

o Y L Yy _(% i +91ﬁt 92%) Rl
oy dxdy ' oy dxoy \ox oy dx Oy’ 6y3’
Y=0loy=0 at y=0;, oYjoy=U, as y—>oo.

In the case of high frequency, it may be expected that the left-hand side of (23)
is of major importance and the method of successive approximations is appro-

priate. We let Uy = Yot Vi, = Bot+ Ty (25)

(24)

Under the conditions
Py Oy BT O Y
dtoy”~ oy oxoy’ Oy oxdy

the first approximation to the time-dependent component is obtained from (23)
after letting £ equal zero. The solution has been obtained by Lin as

or o> 1l,¢, (26)

Vo = GUm(V/’ia))’} {(za)/y)%y_ 1+exp(— ’LO)/V }ewt (27)

which is independent of z. Substitution of this solution therefore reduces (24)
t0 the equation of the flow without oscillation and the first approximation to the
time-mean component i, is equal to i, in (7). Therefore it follows that, even if
velocity amplitude becomes large, the effect of high-frequency oscillation on time-
mean flow field on a flat plate may be negligible to the first approximation.
Substituting (27) into £ in (23), we have the second-approximation equation as

Va?"ﬁtl_ Ve — Yo Yo _3_¢0 Y10
oy*  otoy oy oxoy Oox oy’
Vo =0uldy=0 at y=0; Yyu/ly=0 as y-—oo;
33%1_3_!00 Py oYy Yy 81#0 Y, +8_@ Py _ O Py O O ’/fto
oy oy oxoy Oy ox E)y ox T ox oyt oy owoy ox oy’
¥y =0y /oy =0 at y=0; oY,y =0 as y-—>o0.
When approximation (11) for ¢, is also made, a method similar to the small-
amplitude case is also applicable. The calculations are somewhat lengthy but

(28)
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straightforward and the details are abridged here. The results so obtained are the
same as those of the small-amplitude case and higher harmonics do not yet appear

at this stage.
For time-dependent temperature we have
PT, 0Ty v (, 0% 0%y (32%)2 Yy 2}
ik — = 30
K oy: ot te { oyt oyt + oy® ( oy® & (30)
M joy=0 at y=0; T,=0 as y— oo,
where

L o0 b THTL (07T, o4l ohuls 29,7
T oy ox 9y ox Oy dx dy 0x \Ox oy ox Oy ox Oy dx dy)’

Similarly in (23) ¢ in (30) is neglected for the first approximation under the
conditions oy, 0T 0 ’ﬁ oT, o, 0T, Vi

— =,1,€ 31
>3y W Gy oy o O TTep e (31a)
Moreover, an assumption is made that
P\ O Yy 1
—= 1
(ayz) T T (310)

that is, € is not too small. The simplified equation for 7}, first approximation to
the time-dependent temperature, is

*Ty 9_7}0_2{ P\ 3%&)2
o (ayz) “(ayz } (324)

The solution is

1= 2 (3 (- (222)5) (.

It can be seen that the second-harmonic fluctuation, which is independent of z,
becomes predominant and surface-temperature amplitude is independent of .
The time-mean energy equation is

o N 7 2 W T oA W e
oy éx ox oy oy* oy? oyl )
oT)oy =0 at y=0; T=T, as y—o0.

The first approximation of time-mean temperature, 7, is obtained from the

(33)

PR oy o, _apy o, _ T, v o) ()’ (34
oy o ox oy = oy c|\ oy o 1)
If we lot Ty = Tout Ty (35)

the equation and boundary conditions for 7, can be chosen so as to agree with
those without oscillation and the solution is equal to 7} in (7). Using (27), the
equation for 7\, is therefore given as

T 0Ty 00Ty V% o 36)

oyt oy ox ox Oy 2¢
Myloy=0 at y=0; Tp=0 as y->o0.
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Approximations (11) are also made and a method similar to (18) leads us to the
same results as the small-amplitude case. Therefore the assumption in (31a)

becomes clear as -
o>el|T, or o> €.

At the end of this section, it may be helpful to make some discussions about the
temperature-field results obtained in these two sections. For large value of o,
Stuart’s exact solution for a flat plate with uniform suction can be reduced to

Uz, de (P\} Pt
142 +—— [ -1
(T)yo = %0 [( +e2(3A) )+1+W%(A) cos (wt 47'r)+ 32t ) €os th] (37)
in which A = wv/v% and v, is constant suction velocity. The present result for
a flat plate without suction, deduced from these two sections, is

2
(D)0 = 5 |0+ oy + 5 (2 ) £7(0) cos (vt — 1)
2Pt
+ 2(2% + 1)
Comparing these results, the time-mean surface temperatures are of the same
character, except that the latter coefficient depends on the Prandtl number, and
the only difference in the fluctuating surface temperature is that the latter
first-harmonic fluctuation is multiplied by f”(0). Therefore the characters of the
temperature field described by Stuart are also valid in this case.
In connexion with the mean surface temperature, we attempt here to obtain
the temperature recovery factor for this case of fluctuating flow. If we consider
the time-mean stagnation temperature of the external stream, 7',.,, as

Teo = T+ (U%[20) (1+ 3e?), (39)

the dimensionless mean surface temperature y is approximately given for high
frequency and & = 0-72 as
_T=To _ 0848{1+6%(1-457 03— 0-425)) o
T T.,-T, 1+ de? )
This dimensionless temperature is shown in figure 4, and we can see that it can
be several times as large as that without flow oscillation (¢ = 0).

oS 2wt] . (38)

4. Concluding remarks

In order to give the quantitative verification of Lin’s theory, approximate
velocity solutions are obtained in the case when the flow oscillation amplitude
does not change along the surface. The solutions of §§2 and 3 show that the time-
mean skin friction becomes greater than the steady value and is proportional to
the square of the velocity-amplitude ratio ¢. The contribution of flow oscillation
to the mean skin friction decreases with frequency abruptly and is ultimately
inversely proportional to the square of the frequency. This result may be con-
trasted with the former result of stagnation-point flow in which the flow oscilla-
tion amplitude changes along the surface. The time-dependent solutions show
that the trends are in accord with Lighthill’s theory.

The corresponding energy equation is also treated simultaneously under the
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condition of zero heat transfer between the fluid and the wall. At the end of
§ 3 comparison with Stuart’s result is made, and we can see that two results are
in same character at high frequency. Moreover, the dimensionless surface
temperature is shown in figure 4, and it can be seen that the time-mean surface
temperature can be much greater than the stagnation temperature of the ex-
ternal stream. We know the resonance tube as a device to produce high temper-
ature. The resonance tube is a cylindrical resonator, closed at the downstream

5

0 1 ] ) 1 1 1 1
4 6 8 10 12 14 16 18 20

a

F1aure 4. Dimensionless mean surface temperature as a function
of frequency parameter o for several values of €.

end, which is excited to oscillation by an air jet. The reason why the tube wall
temperature rises higher than the stagnation temperature of the air jet has been
hypothesized to be due to shock waves inside the resonance tube. As yet, however,
no adequate theory of resonance tube heating has been published and this
hypothesis has been questioned by Sibulkin (1963). The effect of viscous dissipa-
tion combined with oscillation on the resonance tube heating has not been clarified
and may be the subject for a future study.
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